Let Li (72) be the line passing through the points (0, 0, 1) and (1, 0, 1), ((0, 0, 3) and (0, 1, 3), resp.). Let 7\ \t2) he the cylinder containing all points within a distance of ¿ 1 to 7,i (72, resp.).
The following question was recently raised by A. J. Hoffman [2] : "If P is a d-polytope, i>0 an integer and &,••*, C* closed convex sets in P, such that every /-flat that meets P meets Uf=i d; do there exist polytopes Di, • • • , Dk, with DiQd for all 1 ^i^k, such that if a ¿-flat meets P, it meets Uf_x 7>,?"
The purpose of this note is to give a counterexample to this conjecture, with d = 3, t = 1 and k = 4 (see Remarks 1 and 2).
A d-polytope here means the convex hull of a set of finitely many points in the Euclidean d-space Ed, having a nonempty interior, see [1] . Let Li (72) be the line passing through the points (0, 0, 1) and (1, 0, 1), ((0, 0, 3) and (0, 1, 3), resp.). Let 7\ \t2) he the cylinder containing all points within a distance of ¿ 1 to 7,i (72, resp.).
We define C,-, 1 ^i ^ 3, as follows
for which there exists a point N in B2, such that the segment MN has distance = 1 to both of the two lines Pi and P2.1 Ci, • ■ -, Ci were so chosen as to assure that if a line meets P, it meets U*_i C,-.
To justify our claim, it will suffice to prove the following Lemma 1. d is a closed convex set which is not a poly tope. (1) and (2), for every O^X^l.
It follows easily that xx = xi and yx^yo for all 0^X = 1. Moreover, the boundary of C\ is the union of the following three segments:
{(x, y0)\ x0^x^3-y0}, {(xi, y)\yi^y^3-xi\ and {(x, y)|x^Xi, yàyo and x+y = 3\, together with the arc a, represented parametrically and implicitly by (1) and (2), with O^XsSl.
To show that d is convex, it is obviously enough to prove that a is a convex curve, i.e., that d2y/dx2 > 0 at every point of a. This is a straightforward computation, which we outline: (1) implies (3) Since x>0, y>0 and O^X^l, it follows from (3) that dx/d\<0, and from (5) that dy/dh>0; these, in turn, imply that d2x/d\2>0 and d2y/dX2>0.
Using the well-known formula d2y /dx d2y dy d2x\ i /dx\3 dx2 ~ \dX d\2 dX dX2) I \dx)
it follows immediately that d2y/ax2>0 on a. Moreover, d2y/dx2>0
implies that a is not a segment. As a result, d is a closed convex set which is not a polytope, and the proof of Lemma 1 is completed. Remark 2. By taking the Cartesian product of our example with the g-dimensional cube Iq, we derive additional counterexamples in the cases where d = g + 3 and t -q + l, for all g^ 1.
